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An analytical procedure for the evaluation of the elastic–plastic stiffness behaviour of spot
welded joints is presented. The procedure is based on a new model of spot weld region: a
circular plate having variable thickness with a central rigid nugget, which is resolved using
an original analytical method.
The closed-form solution allows to describe the displacement of a rigid nugget when an
axial orthogonal load is applied on the plate while plasticity and large deﬂections are pres-
ent. The goal is to reach a reliable spot weld region model which can be used as the basis to
develop a spot weld element in FE analysis even when plasticity and large deﬂections are in
effect.
The procedure is as completely original as no other can be found in the technical litera-
ture, and it has been applied to some examples of plates usually employed for spot weld
analysis. The analytical results obtained by using the new general relations precisely match
those obtained modelling spot weld area by FEA.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The interest on structures jointed by spot welds has been recently spreading especially in automotive and railways appli-
cations, where structures may contain several thousands of spot welds. These spot welds are subjected to complex multiaxial
loads both under service or crash conditions. The stress ﬁeld close to the spot region is quite complex, mostly due to geo-
metrical irregularities and several local effects at the edge of the spot weld. Moreover, structural behaviour and local stiffness
evaluation of spot welds show some complexity, due to the difﬁculties in accurate modelling, using ﬁnite element models,
the region close to each spot weld, featuring local high stress/strain, associated with very high stress/strain gradients.
Furthermore, it is necessary to use models that involve only a few degrees of freedom, since real structures usually con-
tain several spot welds: modelling each of them with accurate and complex FE models would require a major computational
effort.
The studies about junction behaviour are mainly focused on problems of fatigue cracks or of plastic collapse. Fatigue life
estimation has been investigated using different approaches. Generally, a major effort has been made so as to obtain stresses
at the spot welds – using ﬁnite element models – theoretical approach or both of the above. Often, fracture mechanics has
been adopted to evaluate stress intensity factors in natural crack or notch along the nugget circumference. In this case, var-
ious types of specimens have been investigated using ﬁnite element models in linear elastic conditions (Sheppard, 1993;
Wang et al., 2005), in elastic–plastic conditions (Satoh et al., 1991; Deng et al., 2000; Pan and Sheppard, 2002) or analytical
solutions for stress intensity factor (Zhang, 1997, 2001; Lin et al., 2007, 2008). Structural stress approach has been. All rights reserved.
ax: +39 06 2021351.
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noted that in these cases fatigue behaviour models are often only applicable and valid to reference joints of simple shape.
Otherwise the use of a conventional stress parameter has been proposed (Rupp et al., 1990, 1995; Salvini et al., 1997,
2000) demonstrating its effectiveness to predict spot weld fatigue life. In this case, simple models can lead to a good esti-
mation of the forces interchanged between the spot weld and the rest of the structure, and these loads can be related to
a conventional stress parameter at the spot weld by analytical approximations (Rupp et al., 1990, 1995) or theoretical models
(Salvini et al., 1997, 2000).
The interest on the spot weld elastic–plastic behaviour is focused on the crash phenomena of structures or low cycle fa-
tigue analysis. In order to obtain a progressive failure of the spot welds, it is desirable to have an optimal failure mechanism
instead of others. The request is to maintain a sufﬁcient rigidity for the whole of the energy absorption process in order to
avoid a sudden fall in the capacity to absorb the impact loads. All automobile manufacturers who use these assembly tech-
niques know perfectly well that provided the structural behaviour of a weld spot is optimal, it will fail with a mechanism
commonly referred to as’nugget pullout failure’. There are many criterions available in literature proposing ways to choose
the spot weld joint characteristics (spot diameter, sheet thickness), in order to obtain the desired failure mechanism of spot
weld (for example, Chao, 2003; Zhou et al., 1999). Moreover, failure mechanisms of spot welds have been studied using
experimental observations and numerical analyses. For example, Lin et al. (2002, 2003) developed a failure criterion for spot
welds under combined loads based on a perfectly plastic limit load approach. In this approach, the weld nugget was assumed
as a rigid inclusion. The failure mechanism of lap shear specimens has also been characterised from Lin et al. (2006) using
experimental observations, 2D ﬁnite element analyses and two-dimensional elasticity theories. An experimental character-
isation of mechanical behaviour and failure of spot weld joints under mixed mode has been conducted by Langrand et al.
(2003). Langrand and Combescure (2004) studied non-linear and failure behaviour of spot welds using an equivalent joint
model and an experimental procedure for model characterisation. The equivalent model allows to predict the elastic–plastic
behaviour of spot weld up to the load peak response.
On the other hand, at this time no deﬁnitive approach has been outlined to tell the behaviour of a complex structure fea-
turing several spot welds stressed by different load typologies. It is particularly hard to accurately determine how the defor-
mation of the sheets transfers the loads on the single spot while another one is failing, or what the mechanism of failure will
be like.
Such a complex problem cannot be resolved using experimental criterions, but it must be faced by using FE solutions.
Several approaches to the problem were proposed in the past, which introduced various degrees of simpliﬁcation replacing
the spot weld with a single beam element (Combescure et al., 2000; Chaea et al., 2002; Langrand et al., 2003). This simulation
approach represents at the moment the only way to cope with simulating the global behaviour of structures with several
spot welds, but at the same time losing on precision with regard to intermediate states of deformation. On the other hand,
some authors have discussed, for simpliﬁed structures, the adoption of 2D meshes (Lin et al., 2006) or 3D meshes (Lin et al.,
2003; Langrand et al., 2003) with elastic–plastic constitutive laws, but these approaches are far from being used on actual
multi-spot structures. Otherwise the use of an equivalent joint model (Langrand and Combescure, 2004) requires an ad-hoc
experimental procedure for model characterisation.
On the basis of the above, the stress ﬁeld knowledge, next to spot welds, requires an accurate modelling of the structure,
using analytical or numerical models. However, it is essential, when modelling real structures with several spot welds, to
make use of drastic simpliﬁcations, which have a considerable impact on results.
To overcome such limitations, a method based on a theoretical solution of the region close to the spot weld has been pro-
posed by Salvini et al. (2000) and Vivio et al. (2002). The spot weld element approach proposed in these papers represents an
efﬁcient way of modelling the spot weld in FE solutions, using a complete stiffness characterisation of spot weld region –
condensed on the nodes that surround the spot – using a closed-form solution of a reference theoretical model (a circular
plate with a central rigid inclusion).
The model features a set of equivalent radial beam, with six degrees of freedom per node, lying on metal sheet, and a
central beam element (main link) representing the spot weld nugget and connecting the two metal sheet. Each node of
main link is connected to the chosen shell nodes of the two plates by radial beams showing a rigid part and a ﬂexible
part. The stiffness characteristics of these beams are calculated from the closed-form solution of the analytical model of
the spot weld area. The closed-form solutions, under the linear elastic hypothesis, comprise the combination of various
applied loads (orthogonal opening loads, bending loads, shear loads). Every radial beam is associated with an angular
sector of the circular plate and the beam is designed to reproduce its stiffness. The spot element introduces a very small
number of degrees of freedom and the improvements in accuracy of results, under the elastic hypothesis, are apparent
when a comparison with other modelling techniques is performed, as demonstrated by Vivio et al. (2002) and conﬁrmed
by Palmonella et al. (2005).
In spot weld element approach all plastic deformation of the region surrounding the spot nugget can be embedded onto
the deformable main link (spot nugget) that ties the two sets of beams. To this purpose, it is necessary to analytically eval-
uate the change in stiffness of the spot area due to large deﬂections and plastic deformations. There are two main needs for
such an extension of spot weld element deﬁnition: (i) the possibility to introduce more reliable modelling of spot welds in
structures that are studied from a crashworthiness point of view – indeed, precision in the stiffness description of the region
close to the spot weld connection is necessary, when addressing the progressive crashed conﬁguration that is pursued by the
impacted structure; (ii) determining the redistributed load on spot welds, when an exceptional load is experienced;
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redistribution on loads transferred by each spot weld; it would be essential to manage this factor when estimating fatigue
life of the jointed structure.
Nevertheless, although the linear elastic behaviour of the circular plate is completely deﬁned irrespective of the load kind,
there are no analytical solutions to the same problem under loads that exceed the elastic limit. Skrzypek and Hetnarsji
(1993) proposed an analytical approach to the problem concerning the circular plate stressed over the elastic limit for small
displacements. In spite of the fact that the limitations introduced by the hypothesis of Kirchhoff–Love lead to a simpliﬁed
solution that is far from the real case, the complex system of differential equations presented by Skrzypek and Hetnarsji
(1993) has no solution in closed-form. Faced with the impossibility of obtaining a solution to the problem in an analytical
way, due to the high non-linearity of the equation system, several numerical approaches were proposed to resolve it (Turvey
and Salehi, 2001; Zheng, 1995). The most cumbersome aspects are represented by the deﬁnition of the plastic ﬂow through
the plate thickness and the implementation of membrane effects occurring when introducing large deﬂections and removing
the Kirchhoff–Love hypothesis.
In this paper, a new analytical model is proposed in order to describe the plastic behaviour of spot welded joints when an
opening force acts on the spot; this load mainly inﬂuences the overall deformation of spot weld in an elastic–plastic case. The
proposed model provides a ﬁrst contribution to extend the advantages of spot weld element approach to inelastic local
behaviour with moderately large deﬂections, by means of the analytical characterisation (in terms of stiffness) of the spot
weld region stiffness. The reference model here introduced is very similar to the one used for spot weld element deﬁnition
in linear elastic hypothesis (a circular plate with a central rigid inclusion). In spot weld element approach the effects of large
deﬂections and plastic deformation of the region surrounding the spot nugget can be embedded and condensed onto the
deformable main link (spot nugget) that ties the two sets of beams.
The analytical results have been validated by comparing with those obtained by FEA.
2. Equivalent model and analytical development
The stiffness evaluation of the spot weld region is computed by means of the analytic solutions of a bi-dimensional model
(shown in Fig. 1). The ﬁnite plate presents a central rigid inclusion having radius rint, which is clamped to the plate. The cir-
cular plate is hinged (radial and orthogonal displacement are constrained) and not clamped on the outer radius. The choice of
outer hinging is necessary, otherwise secondary plasticity would also occur in correspondence of the external constraints;
this secondary plasticity can affect results signiﬁcance in terms of contributing to elastic–plastic deformations on variation
in spot region stiffness.
In order to deﬁne the plastic contribution to ﬁnal deformation in small and large deﬂections cases, respectively, the model
has been developed analytically using well-known stress functions valid for small displacements. Subsequently, an innova-
tive formulation allowing to obtain the membrane additions in terms of stresses and strains has been introduced. In this last
case it is included the strain of the middle plane of the plate, when the deﬂections are no longer small in comparison with the
thickness of the plate but are still small as compared with the other dimensions (except for its thickness).
The focus of interest is on the response in terms of rigidity of the plate when an opening load P is applied on the spot
nugget. In the proposed model, an isotropic and homogeneous elastic-perfectly plastic material has been chosen, and Von
Mises yield criterion has been adopted. In a subsequent paper the inﬂuence on spot region stiffness of the yield strain
and work hardening behaviour of material will be examined. The effects of yield stress variation and hardening of material
can be embedded onto the deformable main link (spot nugget) of the spot weld element (Salvini et al., 2008). Moreover it is
necessary to highlight the importance of heat-affected zones and possible residual stresses in the mechanical behaviour of
spot welds. However, such factors are very changeable and difﬁcult to quantify in real cases. In various approaches for stiff-
ness evaluation of spot weld region HAZ effects are not accounted for at all because of its difﬁcult assessment (see, for exam-
ple, Deng et al., 2000). In the proposed framework these effects are not included; in a spot weld element approach, that is the
ﬁnal outcome of this approach, the contribution of these effects can be added subsequently.Fig. 1. Simply supported circular plate with rigid inclusion subjected to an opening load P and plastic zone (zone B) schematization.
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limit. In fact, the plastic ﬂow begins near the rigid disc, spreading toward the outer radius: so there is a zone entirely stressed
under the elastic limit (zone-2 in Fig. 1) and a second one where part of the material has reached the yield condition (zone-1
in Fig. 1).
Because of the distribution of plasticized material of the plate, the section of the zone-1 can be assumed geometrically
divided in two further parts (A and B), as shown in Fig. 1.
The main variable in the problem is how the plastic ﬂow spreads as the applied load increases, until the load increases.
Within a generic radius in zone-1, the thickness of plasticized material increases along with the load. This thickness-radius
relationship is here assumed as linear. On the contrary, the evaluation of border radius re variation along with the applied
load, between zone-1 and zone-2, is quite more complex.
The approximation of a linear trend between zone A and B (zone-1 in Fig. 1) is justiﬁed by the evaluation of stress dis-
tribution on cross sections of the real plate beyond the yield point, using FE analysis. By analysing the stresses on the plate
section during the load evolution, the part that reaches the yield limit deﬁnes a generic proﬁle, composed of two curving
parts, at middle and extreme thickness, jointed by a linear part. This composite trend is in agreement with the theoretical
approach to uniform strength plates, as it was predictable for an elastic-perfectly plastic behaviour material, given that
on the whole border line the stress must be the same as the yield one. In this case, the proﬁle is very close to the linear
approximation proposed above.
The theory of bending plates having constant thickness can be used to represent the outer part of the plate that is stressed
under the elastic limit (zone-2). In the zone-1, it is possible to clearly distinguish two different material behaviours. On the
one hand there is the zone A (as indicated in Fig. 1), where the material is still stressed under the elastic limit; whereas in
zone B deformation is already plastic. On the division line between zones A and B, the equivalent stress must be equal to the
yield one. The behaviour in zone A can be described using the linearly variable thickness law introduced by Conway (1948).
Zone B is more difﬁcult to study with an analytical approach.
Since the interest is focused on the rigidity of the plate (the global stiffness of the plate), and the plastic zone offers no
resistance to displacements (in this case, where an isotropic and homogeneous elastic-perfectly plastic material is consid-
ered), an equivalent model can be deﬁned, shown in Fig. 2; in this model the plasticized part of plate (zone B) is not repre-
sented because of its nearly null addition to the plate’s rigidity. In fact, when an elastic-perfectly plastic material is adopted,
the compatibility between resultant moments and plate curvatures is only determined by zone A (and of course by zone-2).
In this way, there is an equivalent plate entirely described under the elastic hypothesis, which yields a good evaluation of
stiffness behaviour of a plate stressed over the elastic limit.
The propagation of plastic ﬂow is described by the variation of the equivalent radius re, which divides the two parts of the
plate.
2.1. Equivalent model in small displacements
According to the Kirchhoff plate theory, the following equilibrium equation and the general differential equation govern-
ing the displacement ﬁeld of a bending plate in axisymmetric hypothesis, written in polar coordinate system, are validMr þ r dMrdr Mt þ rQ r ¼ 0; ð1Þ
d
dr
1
r
d
dr
r
dw
dr
  
¼ Q r
DðrÞ ; ð2ÞwhereMr andMt are the radial and circumferential bending moments, Q r is the transverse shear force, w is the deﬂection of
the plate and D(r) is the ﬂexural rigidity of the plate having thickness t(r)DðrÞ ¼ EtðrÞ
3
12ð1 m2Þ ð3ÞFig. 2. Equivalent circular plate with rigid inclusion subjected to an opening load P.
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Bending moments areMr ¼ DðrÞ d
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dr2
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r
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 !
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r
u
 
; ð4Þ
Mt ¼ DðrÞ 1r
dw
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þ md
2w
dr2
 !
¼ DðrÞ u
r
þ mdu
dr
 
: ð5Þwhere m is the Poisson’s ratio.
In case of circular plate loaded at the central rigid nugget, the transverse shear force isQ r ¼
P
2pr
: ð6Þwhich is valid both in zone-1 and in zone-2 of the plate.
By integrating three times the differential Eq. (2) the deﬂection w, rotation u and the radial and circumferential bending
moments, in terms of r, in zone-2 of the model, having constant thickness t2, are (using subscripts 2 for this zone)u2ðrÞ ¼ 
P
4pD2
r lnðrÞ  1
2
 
 r
2
A2  1r B2; ð7Þ
w2ðrÞ ¼  P8pD2 r
2½lnðrÞ  1 þ r
2
4
A2 þ lnðrÞB2 þ C2; ð8Þ
Mr2ðrÞ ¼ D2 P4pD2 ð1þ mÞ lnðrÞ þ
ð1 mÞ
2
 
þ ð1þ mÞ
2
A2  ð1 mÞr2 B2
 
; ð9Þ
Mt2ðrÞ ¼ D2 P4pD2 ð1þ mÞ lnðrÞ 
ð1 mÞ
2
 
þ ð1þ mÞ
2
A2 þ ð1 mÞr2 B2
 
; ð10Þwhere A2, B2 and C2 are the unknown integration constants to be determined by imposing boundary conditions, and the ﬂex-
ural rigidity of the plate having constant thickness D2 is deﬁned asD2 ¼ Et
3
2
12ð1 t2Þ : ð11ÞIn the internal zone, the thickness varies linearly becoming null at the axis (model shown in Fig. 3). Thickness variation of
the plate is described here by using the linear function t ¼ t0 ðr=rintÞ (introduced by Conway (1948), in case of bending of
symmetrically loaded circular plates), where t0 is the thickness at the inner radius rint.
The ﬂexural rigidity of the plate is variable and it is deﬁned as (using subscripts 1 for zone-1)D1ðrÞ ¼ D0r
3
r3int
; ð12ÞwhereD0 ¼ Et
3
0
12ð1 m2Þ ð13Þis the ﬂexural rigidity of the plate at the clamped edge (Fig. 3).
By replacing Eqs. (4) and (5) in terms of rotationu in Eq. (1) and by introducing the shearing force as written in Eq. (6) and
the ﬂexural rigidity D1ðrÞ (Eq. (12)), the differential equation governing the rotation of the variable thickness plate can be
written asr2
d2u1
dr2
þ 4r du1
dr
þ ð3m 1Þu1 ¼ 
Pr3int
2pD0r2
: ð14ÞFig. 3. Cross-section of plate having linear variable thickness subjected to an opening load P.
F. Vivio, P. Fanelli / International Journal of Solids and Structures 46 (2009) 572–586 577Integrating two times this equation, rotation u isu1ðrÞ ¼ A1ra þ B1ra
0 þ 2Pðmþ 1Þr
3
e
pEt32r2
; ð15Þwith A1 and B1 as unknown integration constants which can be determined to satisfy the boundary conditions anda ¼ 3
2
þ
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2
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p
2
: ð16ÞAs a consequence, the new relation of deﬂection w and the radial and circumferential bending moments, in terms of rw1ðrÞ ¼ 
Z
u1ðrÞdr ¼ 
A1raþ1
aþ 1 
B1ra
0þ1
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Mt1ðrÞ ¼ A1ra1 þ B1ra01  2Pðmþ 1Þr
3
e
pEt32r3
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e
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 !" #
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3
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: ð19ÞThe equivalent model so deﬁned uses only elastic equations, but it can describe the plastic behaviour of a real circular
plate in terms of plate deﬂection on variation of the equivalent radius re. As explained previously, this is not the real plas-
ticization radius because of the approximation introduced, assuming the border line between zone A and zone B as linear.
Considering this, in order to provide the same amount of resistant material, the equivalent model must compensate the dif-
ferent distribution of material along the radius by imposing an equivalent radius different by the plasticization one. More-
over, the linear variation of the plate proﬁle here considered implies another approximation in real plate modelling, in light
of the hypothesis of thickness extent at the inner radius. Indeed, this theory needs the thickness to be null at the plate axis, so
that at the inner radius it is not independent to its constant value of zone-2. This aspect, adding to the not linear trend of
border line in the real case, determines a different distribution of moments along the radius in the equivalent plate as com-
pared to the real one. The two different ﬁelds of moments generate however the same deﬂections, thus proving the validity
of this approach in the present work, where the interest is focused on ﬁnite plate rigidity.
The equivalent plate (Fig. 2) must meet constraints and compatibility conditions. At the inner radius, the rigid disc is
clamped so that the rotation is null. At the outer edge, the plate is simply supported and there are two derived conditions
because vertical displacement and radial moment are null. Finally, the continuity of moments and displacements at re must
be imposed. Boundary conditions may be expressed asu1ðr ¼ rintÞ ¼ 0; ð20aÞ
w2ðr ¼ rextÞ ¼ 0; ð20bÞ
Mr2ðr ¼ rextÞ ¼ 0; ð20cÞ
Mr1ðr ¼ reÞ ¼ Mr2ðr ¼ reÞ; ð20dÞ
Mt1ðr ¼ reÞ ¼ Mt2ðr ¼ reÞ; ð20eÞ
w1ðr ¼ reÞ ¼ w2ðr ¼ reÞ: ð20fÞThe system resolution needs one more equation because, besides the integration constants, the equivalent radius too is
variable with the applied load. The seventh condition has to be researched on plasticized front at re. The equivalent stress
must be equal to the yield one at this radius re for the extreme ﬁbre of the thickness and must be the same for each part
of the plate.
According to the Von Mises criterion, the condition isrVM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2r þ r2t  rrrt
q
¼ r0; ð21Þwhere r0 is the yield stress characteristic of the material. Since the stress of interest is the one at the top ﬁbre of the thick-
ness, Eq. (21) may be expressed asr20 ¼
6Mr
t2
 2
þ 6Mt
t2
 2
 6Mr
t2
 
6Mt
t2
 
: ð22ÞThe latter condition can be developed but it is deﬁnitely more complex than the others, and leads to a system that it is
very hard to resolve in an analytical way. Nevertheless, a numerical solution can be performed increasing load iteratively (all
constants and the radius are expressed as functions of the load P). The solution is only valid for low loads, whereas using high
loads it is hard to achieve convergence. The obtained results, in terms of applied load-plasticization radius, properly match
those obtained by FEA (Fig. 4). The example in Fig. 4 is referred to a steel plate (r0 ¼ 480 MPa; m ¼ 0:3; E ¼ 200 MPa) having
outer radius rext ¼ 20 mm, dimensionless inner radius b ¼ rint=rext ¼ 0:2 and thickness t ¼ 2 mm. In this ﬁgure p ¼ P=Pfp is
Fig. 4. Variation of equivalent radius and actual plasticization radius along load P.
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sionless equivalent radius and qp is the actual dimensionless plasticization radius. The FE model of the plate radial section
was made using axisymmetric elements with four nodes and two dofs per node, with plasticity and large deﬂection capa-
bilities. In the FE models the thickness of the plate has been meshed with 30 elements. The mesh contains a total of 4200
elements and 4371 nodes.
Despite the numerical complexity that the iterative solution of the system leads to, it is possible to ﬁnd a relation which
ties the applied load to the equivalent radius. This relation becomes a condition which can be used to solve, analytically, the
equivalent model of the plate.
2.2. Relationship between equivalent radius and applied load
Due to the numerical complexity that the iterative solution of the system leads to, it is impossible to completely solve the
yield condition upon the equivalent radius. This needs the implementation of a relation that ties the applied load to the
equivalent radius. To this purpose, a FE model has been used to simulate the behaviour of the equivalent plate (geometry
in Fig. 2) using a linear-elastic material. Consequently, a FE model of the reference plate (geometry in Fig. 1) stressed over
the elastic limit has been deﬁned too. The FE models were made using a reﬁned mesh using shell elements with four nodes
and six dofs per node, with variable thickness attributes and with plasticity, large displacement and large strain capabilities.
By ﬁxing the applied orthogonal load and obtaining the rigid inclusion displacement of the reference plate, the equivalent
radius has been calibrated to obtain the same displacement. By comparing the results of the two FE conﬁgurations at the
increase of the applied load, it is possible to evaluate equivalent radius propagation with applied load, varying the geomet-
rical parameters of the plate individually. The comparison has been performed in small deﬂection (Fig. 5) and large deﬂection
condition (results on Figs. 6–8).Fig. 5. Variation of dimensionless equivalent radius along dimensionless load for different values of dimensionless inner radius b; actual thickness
t = 2 mm; outer radius rext ¼ 20 mm; small displacements hypothesis.
Fig. 6. Variation of dimensionless equivalent radius along dimensionless load for different values of dimensionless inner radius b; actual thickness
t = 2 mm; outer radius rext ¼ 20 mm; large deﬂections hypothesis.
Fig. 7. Variation of dimensionless equivalent radius along dimensionless load for different values of outer radius rext; actual thickness t = 2 mm;
dimensionless inner radius b ¼ 0:1; large deﬂections hypothesis.
Fig. 8. Variation of dimensionless equivalent radius along dimensionless load for different values of actual thickness t; b ¼ 0:1; rext ¼ 20 mm; large
deﬂections hypothesis.
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in terms of the applied load and all geometrical characteristics of the real plate.
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load p. The coefﬁcients of power equation are function of geometrical parameters. Note that a particular conﬁguration of
the plate is needed as reference.
The relation that allows calculating the equivalent radius qe in terms of the dimensionless load p, in small displacements,
is as follows:Table 1
Numeri
i
0
1
2
3
4
5
Table 2
Numeri
i
0
1
2
3
4
5qe ¼
X5
i¼0
ðAibþ BiÞpi: ð23ÞIn Eq. (23) only the dimensionless inner radius b appears, as all other geometrical characteristics of real plate have no
inﬂuence on the equivalent radius, when small displacements are accounted. Table 1 shows numerical values of coefﬁcients
Ai and Bi.
When membrane effect activated by large deﬂections is expected, a new parametric formulation can be found using the
same procedure.
The relation that allows for calculating the equivalent radius qe in terms of the dimensionless load p, in large deﬂections,
is as follows:qe ¼
X5
i¼0
Cir3ext þ Dir2ext þ Eir1ext þ Fit2 þ Git þ Hibþ Ii
	 

pi: ð24ÞIn this case, all geometrical parameters have an effect on the equivalent radius. Table 2 shows numerical values coefﬁ-
cients in Eq. (25).
By using Eq. (23) and boundary conditions expressed by Eqs. (20), the equivalent model of Fig. 2 can be resolved in closed-
form when small displacements are assumed. The analytical solution, when the hypothesis of small displacements is
adopted, perfectly matches the one obtained by FE model of the real plate in elastic–plastic case. Note that the equivalence
is only in terms of global stiffness between the proposed model (Fig. 2) and the actual plate model in elastic–plastic case
(Fig. 2). In Fig. 9, the good accord of results is shown in terms of variation of maximum deﬂection w along load P. In the same
ﬁgure it is possible to observe that the absolute value of the percentage error Dw (between results of FE and of the proposed
procedure) has a very small average value (3.4%). In the example the analytical general approach is declined in a particular
geometrical conﬁguration case of a steel plate (r0 ¼ 480 MPa; m ¼ 0:3; E ¼ 200 MPa) with t ¼ 2 mm, rext ¼ 20 mm and
b ¼ 0:15. The plastic behaviour of the real plate when an opening force acts on the rigid inclusion is accounted using a
closed-form solution of an equivalent model.
The analytical procedure can now be extended to large deﬂections case, using Eq. (24) and resolving the equivalent model
of plate with variable thickness (Fig. 2). In this manner the two contributions affecting spot area deformability (plastic defor-
mations and large deﬂections) and spot weld element formulation can be accounted using an analytical solution.
2.3. Equivalent model in large deﬂections
When the Kirchhoff–Love hypothesis is removed and large deﬂections are accounted, membrane contribution must be
added to the bending stresses. The deﬂections are no longer small in comparison with the thickness of plate, although theycal values of coefﬁcients of Eq. (23)
Ai Bi
7.494 0.517
17.084 1.470
16.066 1.522
6.559 0.717
1.141 0.152
0.055 0.011
cal values of coefﬁcients of Eq. (24)
Ci Di Ei Fi Gi Hi Ii
5597.89 178.30 1.407 0.145 0.661 4.543 1.328
13747.56 637.12 10.529 0.246 1.184 10.679 2.579
9901.08 477.92 7.116 0.126 0.678 7.359 1.659
3133.39 164.72 2.823 0.028 0.173 2.366 0.492
443.71 25.31 0.478 0.002 0.019 0.337 0.065
22.90 1.38 0.028 0.005  102 0.068  102 0.018 0.003
Fig. 9. Variation of maximum deﬂection versus applied load in small displacements hypothesis (t = 2 mm, rext ¼ 20 mm and b ¼ 0:15).
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on an inner circular portion of the plate of radius r (Fig. 10a) and on a differential plate element (Fig. 10b), when the plate
deﬂection is axisymmetric.
When the strain of the middle plane of the plate is accounted, the strains in radial and tangential direction areFig. 10.
and taner ¼ dudr þ
1
2
du
dr
 2
þ dwdr
 2 
et ¼ ur ;
8><
>: ð25Þwhere u is the component of displacement in radial direction andw is the component perpendicular to the plane of the plate.
In case of deﬂections that are no longer small in comparison with the thickness of plate, but still limited as compared to other
dimensions, the ﬁrst relation of Eq. (25) can be approximated neglecting the term 1=2ðdu=drÞ2 (Timoshenko and Woinow-
sky-Krieger, 1959).
The radial and tangential tensile forces per length unit (Nr and Nt) are, applying Hooke’s lawNr ¼ tðrÞE1 m2
du
dr þ
1
2
dw
dr
 2
þ mur
 
Nt ¼ tðrÞE1 m2
u
r þ mdudr þ
m
2
dw
dr
 2 
;
8>><
>>:
ð26ÞConsidering the equilibrium of the projection of all the forces along radial direction and the equilibrium of the inner cir-
cular portion of the plate of radius r we obtain the follow relations:A differential plate element with radial bending momentMr, tangential bending momentMt , radial transverse shear force Q r, radial tensile force Nr
gential tensile force Nt.
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dNr
dr
þ Nr  Nt ¼ 0; ð27Þ
Q r ¼ Nr
dw
dr
 P
2pr
: ð28ÞAccording to Eqs. (26) and (28), the equilibrium Eqs. (27) and (2) (equilibrium of moments with respect to the axis of the
plate) can be written in the following form:d2u
dr2
¼ 1r dudr þ
u
r2
 1 m2r
dw
dr
 2
 dwdr
d2w
dr2
d3w
dr3
¼ 1r d
2w
dr2
þ 1
r2
dw
dr þ
12
h2
dw
dr
du
dr þ m
u
r
þ 1
2
dw
dr
 2" #
þ P
2prD
:
8>><
>>:
ð29ÞThese two non-linear equations could be integrated only numerically. For this reason in this work the following approach
is pursued.
Timoshenko and Woinowsky-Krieger (1959) proposed an approximate solution for a simple circular solid plate, using the
strain energy method. In this work this approach is used as a starting point in order to evaluate, originally, the equivalent
model of a plate with a central rigid inclusion and having an inner annular portion with variable thickness (Fig. 2).
The work of internal forces for an inﬁnitesimal strains variation der and det isdVA ¼ 2p
Z b
a
ðNrideri þ NtidetiÞrdr ¼ 2p
Z b
a
Nrid
dui
dr
þ 1
2
dwi
dr
 2" #
þ Ntid uir
 ( )
rdr; ð30Þwhere i ¼ 1, a ¼ rint and b ¼ re for zone-1, and i ¼ 2, a ¼ re and b ¼ rext for zone-2.
The work of radial and circumferential bending moments on the inﬁnitesimal variation of the principal curvatures isdVB ¼ 2p
Z b
a
Mrid
d2wi
dr2
 !
þMtid 1r
dwi
dr
 " #
rdr; ð31Þwhile the external forces work isdVC ¼ 2p
Z b
a
d
dr
rwið Þdwirdr; ð32Þwhere Wi is a load function that in this case isw1 ¼ w2 ¼ w ¼
P
2pr
: ð33ÞThe following condition can now be applied to the overall modeldðVA þ VB þ VCÞ ¼ 0: ð34Þ
Integrating by parts Eqs. (30) and (31) and considering the equilibrium condition gives by Eq. (27), the condition
expressed by Eq. (34) yields the equationZ re
rint
D1ðrÞ ddr ðDw1Þ  w
1
r
df1
dr
dw1
dr
 
d
dr
ðdw1Þrdr þ ½rNr1du1rerint þ rMr1d
dw1
dr
  re
rint
þ
Z rext
re
D2
d
dr
ðDw2Þ  w 1r
df2
dr
dw2
dr
 
d
dr
ðdw2Þrdr þ ½rNr2du2rextre þ rMr2d
dw2
dr
  rext
re
¼ 0; ð35Þwhere D is the harmonic operator in polar coordinates and fi is a stress function of Nri and Nti:Nri ¼ 1r
dfi
dr
; Nti ¼ d
2fi
dr2
ð36Þand governed by the differential equationd
dr
ðDfiÞ ¼  Eti2r
dwi
dr
 2
: ð37ÞEq. (35) can be simpliﬁed considering following boundary conditions. At the inner radius, the radial displacement and the
slope are constrainedu1ðr ¼ rintÞ ¼ 0; ð38aÞ
dw1
dr

r¼rint
¼ 0; ð38bÞ
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Mr2ðr ¼ rextÞ ¼ 0: ð39bÞAt the equivalent radius, radial displacement, slope, tensile radial force Nr and radial bending moment must be
continuousu1ðr ¼ reÞ ¼ u2ðr ¼ reÞ; ð40aÞ
dw1
dr

r¼re
¼ dw2
dr

r¼re
; ð40bÞ
Nr1ðr ¼ reÞ ¼ Nr2ðr ¼ reÞ; ð40cÞ
Mr1ðr ¼ reÞ ¼ Mr2ðr ¼ reÞ: ð40dÞWith consideration of conditions expressed by Eqs. (38), (39) and (40), Eq. (35) becomesZ re
rint
D1ðrÞ ddr ðDw1Þ  w
1
r
df1
dr
dw1
dr
 
d
dr
ðdw1Þrdr þ
Z rext
re
D2
d
dr
ðDw2Þ  w 1r
df2
dr
dw2
dr
 
d
dr
ðdw2Þrdr ¼ 0; ð41Þwhere the two integrals into the Eq. (41) are, respectively, referred to as zone-1 and zone-2 of the plate. A general solution wi
(for every i-zone-1 and -2) of each integral in Eq. (41) can be expressed as follow:wi ¼ ai1ui1ðrÞ þ ai2ui2ðrÞ þ    þ ainuinðrÞ ð42Þ
where uikðrÞ are, for every i-zone, k particular solutions of Eq. (41); each one of these function has to satisfy two boundary
conditions.
Imposing X for each i-zone of the plate asXi ¼ DiðrÞ ddr ðDwiÞ  w
1
r
dfi
dr
dwi
dr
; i ¼ 1;2 ð43Þand considering Eq. (41), a set of equations isZ re
rint
X1
du1k
dr
rdr þ
Z rext
re
X2
du2k
dr
rdr ¼ 0; k ¼ 1;2; . . . ; n: ð44ÞConsidering only the ﬁrst term of Eq. (42), we can deﬁne /iðrÞ ¼ /i1ðrÞ, for each i-zone (i = 1,2), asu1ðrÞ ¼
w1ðrÞ
w0
; u2ðrÞ ¼
w2ðrÞ
w0
; ð45Þwhere w1ðrÞ and w2ðrÞ are the deﬂection solution in small displacements hypothesis in two i parts of the plates and w0 is the
unknown rigid nugget displacement.
Starting from the deﬂection solution in small displacements hypothesis, the plate deﬂection is represented in two parts of
the plate asw1ðrÞ ¼ A1r
d
d
 B1r
d0
d0
þ 2Pðmþ 1Þr
3
e
pEt32r
þ C1; ð46Þ
w2ðrÞ ¼  P8pD2 r
2ðlnðrÞ  1Þ þ r
2
4
A2 þ lnðrÞB2 þ C2; ð47Þwhere A1, B1, C1, A2, B2, C2 are the already known integration constants andd ¼ 1
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
13 12m
p
2
; d0 ¼ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
13 12m
p
2
: ð48ÞThe relation of unknown rigid nugget displacement w0 can be written using Eq. (46) with r ¼ rintw0 ¼ A1r
d
int
d
 B1r
d0
int
d0
þ 2Pðmþ 1Þr
3
e
pEt32rint
þ C1: ð49ÞEqs. (46) and (47) can be written asw1ðrÞ ¼
w0 A1rdþ1d0  B1rd0þ1dþ C1H1r
	 

H2 þH3
 
rDen
; ð50Þ
w2ðrÞ ¼
w0 H4ðlnðrÞ  1Þr2 þH1H2 A2r24 þ B2 lnðrÞ þ C2
 h i
Den
; ð51Þwhere the constant terms H1, H2, H3, H4 and Den are not dependent of the radius
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H3 ¼ 2r3erintPðmþ 1ÞH1; H4 ¼
3rintPð1 m2ÞH1
2
;
Den ¼  A1rdintd0H2 þ B1rd
0
intdH2  2PH1r3em 2PH1r3e  C1H1H2
 
: ð53ÞThe two expressions of displacement (Eqs. (50) and (51)) must be introduced in Eq. (37) so that two differential equations
in df(r)/dr were obtained. Resolving them is possible to determine two different formulation of df(r)/dr, one for each i-zone of
the plate. To determine the four unknown integration constants, four conditions have to be introduced on df(r)/dr and its
derivative. The conditions can be derived by Eqs. (38a), (39a), (40a) and (40c) with consideration of Eq. (36) and of the follow
expression:u ¼ r
tE
ðNt  mNrÞ ¼ rtE
d2f
dr2
 m1
r
df
dr
 !
; ð54ÞNow Eq. (44) can be integrated into the two i-zones (for rint < r < re and for re < r < rext): the displacement of central nug-
get w0 and the equivalent radius re are now the only unknown parameter. Replacing re ¼ qeRext with the parametric Eq. (24),
it is possible to obtain the expression of the maximum deﬂection of the plate w0. So it is possible to evaluate the variation of
deﬂection w0 increasing the applied load P, for every geometrical conﬁguration of the actual plate.
The analytical results obtained using the proposed procedure are compared to the results obtained by a FE elastic–plastic
solution of the actual circular plate with central rigid inclusion (m ¼ 0:3, E ¼ 200 MPa and r0 ¼ 480 MPa). Fig. 11 shows the
comparison in term of maximum deﬂectionw0 as function of the applied load P in circular plates having dimensionless inner
radius b ¼ 0:1, thickness t ¼ 2 mm and three different values of the outer radius rext (20, 40 and 60 mm). In the same ﬁgure it
is possible to observe that the absolute value of the percentage difference Dw0 (between results of FE and of the proposed
procedure) have an average value of 4.6%. Fig. 12 is referred to circular plates having dimensionless inner radius b ¼ 0:2, out-
er radius rext ¼ 20 mm and three different values of the thickness t (1.5, 2 and 2.5 mm). Displacement–load curves clearly
show the accuracy of the analytical solutions (in this case the average value of Dw0 is 10.1%). The initial slope of the displace-
ment–load curves is different because of the different stiffness of the plate (having different outer radius or different thick-
ness) in elastic behaviour.
In conclusion in Fig. 13 is shown the effect of membrane contribution for a new geometrical conﬁguration (t ¼ 2 mm;
rext ¼ 20 mm; b ¼ 0:15).
The results of the proposed procedure allow to embed and condense large deﬂections and plastic deformation effects on
global stiffness of the spot weld area onto the deformable main link (spot nugget) that ties the two sets of equivalent radial
beams in spot weld element approach.
In a subsequent paper, the extension of the spot weld element to the elastic–plastic case will be proposed.Fig. 11. Rigid nugget displacement versus applied load in large deﬂections hypothesis.
Fig. 13. Rigid nugget displacement versus applied load in small and in large displacements hypothesis.
Fig. 12. Rigid nugget displacement versus applied load in large deﬂections hypothesis.
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The paper introduces and proposes an analytical procedure for the evaluation of the elastic–plastic stiffness behaviour of
circular plates with central rigid inclusion. The closed-form solution allows to describe the displacement of a rigid nugget,
when the ﬁnite plate is subjected to orthogonal load, while plasticity and moderately large deﬂections are present.
The goal is to reach a reliable spot weld region model, which can be used as the basis to develop a spot weld element in FE
analysis of multi spot structures even when plasticity and large deﬂections are accounted. The procedure is as completely
original as no other can be found in technical literature and it is general in terms of geometrical characteristics of the spot
region; it leads to results that adequately match those obtained modelling spot weld region by FEA.
The procedure has been applied to some examples of plates usually employed for spot weld analysis. The examples
clearly show the accuracy of the results in terms of stiffness evaluation of spot weld region. Ambitious as the goal of this
study may seem, the advantages previously achieved with spot weld element approach, in linear elastic case, can be ex-
tended in elastic–plastic ﬁeld with moderately large deﬂections by using the theoretical framework presented in this paper.
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